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• We study the minimal unitary representations of noncompact excep- 

tional groups that arise as U-duality groups in extended supergravity theo- 
, ries. First we give the unitary realizations of the exceptional group E 8 (_ 2 4) 

in SU* (8) as well as SU(6, 2) covariant bases. E 8 (_ 2 4) has E7 x SU(2) as its 
\ maximal compact subgroup and is the U-duality group of the exceptional 

^ . supergravity theory in d — 3. For the corresponding U-duality group E g ( g ) 

£NJ ' of the maximal supergravity theory the minimal realization was given in 

t , hep-th/0109005 The minimal unitary realizations of all the lower rank 

noncompact exceptional groups can be obtained by truncation of those 
' of E g (_24) and Egfgj. By further truncation one can obtain the minimal 

unitary realizations of all the groups of the "Magic Triangle". We give 
explicitly the minimal unitary realizations of the exceptional subgroups of 
Eg(-24) as we U as other physically interesting subgroups. These minimal 
unitary realizations correspond , in general, to the quantization of their 
geometric actions as quasi-conformal groups as defined in hep-th/0008063 



a: 

^ ■ 1 Introduction 



The concept of a minimal unitary representation of a non-compact group G was 
first introduced by A. Joseph £Q. It is defined as a unitary representation on a 
■ Hilbert space of functions depending on the minimal number of coordinates for 

a given non-compact group. By introducing position operators corresponding to 
these coordinates and the momenta conjugate to them, one obtains the minimal 
realization by expressing the generators of the Lie algebra g of G in terms 
of these canonical operators. Joseph's main motivation was to give a general 
mathematical framework for spectrum generating symmetry algebras that were 
studied by physicists earlier [2]. 

The minimal realization of complex forms of classical Lie algebras and of 
02(2) were given by Joseph PH in a Cartan-Weyl basis. Over the last two 
decades there has been an ever increasing interest by the mathematicians on 
the minimal unitary representations of noncompact groups. For a review and 

1 Work supported in part by the National Science Foundation under grant number PHY- 
0245337. 
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the references on earlier work on the subject we refer the reader to the review 
lectures of Jian-Shu Li 

More recently, minimal unitary representations were studied by Piolinc, 
Kazhdan and Waldron |S] and by Gunaydin, Koepsell and Nicolai |Sj with the 
goal of applying them to M-theory. The work of KPW was motivated the idea 
that the theta series of E 8 (8) and its subgroups may describe the quantum su- 
permembrane in various dimensions |7|. On the other hand the work of GKN 
was motivated by the idea that the spectra of M-theory in various dimensions 
must fall into unitary representations of its U-duality group in the respective 
dimensions. Realization of the minimal unitary representation of E 8 ( 8 ) and its 
subalgebras given in [5] is based on an earlier work [S] of the authors on geomet- 
ric realization of Eg(g) as a quasi-conformal group acting on a 57-dimensional 
space with a quartic norm form. 

The groups Eg(6), ^7(7) and E 8 ( 8 ) arise as U-duality groups of maximal super- 
gravity theories obtained from the 11 dimensional supergravity [H] by toroidal 
compactification to d — 5,4 and d = 3 dimensions, respectively. For M-theory 
that has the 11 dimensional supergravity as its low energy effective theory in 
a strongly coupled phase one expects only the discrete subgroups E 6 ( 6 )(Z), 
E 7 ( 7 ) (Z) and E 8 ( 8 ) (Z) to be symmetries of the full nonperturbative theory. 
Hence we expect the spectra of M-theory to fall into unitary representations 
of these discrete subgroups of U-duality groups in the respective compactifica- 
tions. 

As was shown in jS] E 8 ( 8 ) has a natural action as a quasi-conformal group in 
the charge-entropy space of BPS black hole solutions in N = 8 supergravity in 
d = 4 and hence can be interpreted as its spectrum generating symmetry group. 
The formula relating the entropy of a four dimensional BPS black hole solution 
to its charges defines a generalized light-cone in the charge-entropy space which 
is left invariant by the quasiconformal group action of E 8 ( 8 ). 

In addition to E 8 ( 8 ) the only other non-compact real form of E 8 is E 8 (_ 2 4) 
whose maximal compact subgroup is E 7 ® SU(2). It is the U-duality group of the 
exceptional TV = 4 supergravity in d — 3, which can be obtained, by dimensional 
reduction, from the exceptional W = 2 Maxwell-Einstein supergravity theory 
(MESGT) in d = 5 describing the coupling of 26 vector multiplets to pure Af = 2 
supergravity JU| • In fi ye dimensions U-duality group of the exceptional MESGT 
is E 6 (_26) with maximal compact subgroup F4 and in d — 4 it is E7(_ 25 ) with 
maximal compact subgroup Fjq <g> U(l). 

In this paper we extend the results of [H] on the minimal unitary repre- 
sentations of E 8 ( 8 ) to the other noncompact real form E 8 (_ 2 4) and study their 
truncations to other exceptional quasi-conformal subalgebras as well as other 
classical subalgebras. We should note that, just like E 8 ( 8 ), the group E 8 (_ 2 4) can 
be realized as a quasi-conformal group acting on a 57-dimensional space. For the 
exceptional M = 2 d = 4 supergravity theory this 57-dimensional space is the 
charge-entropy space and E 8 (_ 24 ) acts as a spectrum generating quasiconformal 
symmetry that leaves the generalized light-cones invariant. 

The plan of the paper is as follows. In section 2 we write down the Lie 
algebra of the exceptional group E 8 (_ 2 4) and then give its minimal unitary real- 
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ization in a SU*(8) as well as SU(6, 2) covariant bases. The SU*(8) basis is the 
coordinate basis (Schrodinger picture) while the SU(6, 2) basis is the oscillator 
realization. They correspond to the SL(8,R) and SU(8) bases of the maximally 
split exceptional group E 8( - 8 ) with maximal compact subgroup 5*0(16) given in 
UJ. In section 3 we give the minimal unitary realizations of E 7 (_ 5 ) with maxi- 
mal compact subgroup S0(12) x SU(2), E 6 ( 2 ) with maximal compact subgroup 
SU(6) x SU(2), E 6 (_i4) with the maximal compact subgroup SO(10) x U(l), 
F 4 ( 4 ) with maximal compact subgroup USp(6) x USp(2) and SO (4, 4) by con- 
sistent truncation of the minimal unitary realization of E 8 (_ 2 4)- In section 4 
we study a different chain of truncations and give the minimal unitary realiza- 
tion of E 7 (_25) with maximal compact subgroup E 6 x U(l) and of S0(2p, 2) for 
p = 2, 3, 4, 5. We conclude with a discussion of our results and future directions. 
In appendix A we give the explicit transformations for going from the SU*(8) 
basis to the SU(6, 2) of the minimal realization of E 8 (_ 2 4) and in appendix B 
we give the minimal unitary realization of E§(g) in a SU*(8) covariant basis. 



2 Minimal Unitary Representation of E 8 (_ 2 4) 

The Lie algebra e 8 (_ 2 4) of E 8 (_ 2 4) admits a 5-grading with respect its subalge- 
bra e7(_25) ffiso(l,l) determined by the generator A of a dilatation subgroup 
50(1,1) 

fl -2 © © 0° © +1 © +2 m 

8( ~ 24) ~ 1 © 56 © (133©1) © 56 © 1 1 ' 

such that g ±2 generators together with A form an sI(2,K) subalgebra. 

To construct the minimal unitary representation of e 8 (_ 2 4) we find it conve- 
nient to work in a basis covariant with respect to su*(8) subalgebra of e7(_ 2 5) 2 . 
In the su*(8) basis the generators of e7(_ 2 5) can be labelled as follows 

133 = 63 © 70 = J A B © J ABCD (2) 

where J A b denote the generators of su*(8) and J ABCD is completely anti- 
symmetric in its indices A, B, . . . — 1, 2, . . . , 8. They satisfy the commutation 
relations 

[J A b, J £»] = 5 C bJ A d — S dJ b 
[J A b, J CDEF ] = -^ C B J DEF]A - \s A B J CDEF ( 3 ) 

^jABCD jEFGHl _^ABCDK[BFG jH] ^ 

36 

and the following reality conditions 

(J A b) = Ja b = QacQ bd J c D 
(J ABCD y = —Jab cd = —^ae^bf^cg^dhJ efgh 

2 The su* (8)-covariant basis of ^7^—25) is the analog of st(8, ffi) basis of 67(7) |H] 



(4) 
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where Q is a symplectic matrix such that £Iab = = (fl BA )* , £Iab^ BC 

5 C a- The quadratic Casimir operator of E7(_ 2 5) in the basis is given by 



T A T B 
J B'J A 



T A T B 
J B'J A 



t^abcdefghJ 



1 

24 

J ABCD (eJ) 



ABC D jEFGH 



(5) 



ABCD 



where (eJ) ABCD = \^abcdefghJ EFGH ■ 

The fundamental representation 56 of e7(_ 2 5) decomposes as 28 © 28 under 
itssu*(8) subalgebra, where 28 (X AB ) and 28 (Xab) are anti-symmetric tensors 
satisfying the following reality condition 



(X AB y — X A b = Qac^bdX 



CD 



X 



AB 



x AB = n AC n BD x 



CD 



Under the action of C7(_25) they transform as 

6X AB = ^A cX CB 

5X C d = 



V S Y AC ^ABCD v 



^iA v x^A v i \ n -\rAB 

L C-^AD — ^ D^CA + Z-'CDAB-^ 



(6) 



(7) 



where £ A c and T, ABCD = — (^bcd)' denote parameters of SU* (8) transfor- 
mation and those of the coset generators E 7 (_ 25 )/SU* (8) , respectively. 



2.1 Exceptional Lie Algebra 



(-24) 



Note that 56 is a real representation of e7(_25) just as 28 and 28 are real 
representations of su*(8). Thus in su*(8) covariant basis we can label generators 
belonging to grade -1 space as E AB and Eab and grade +1 space as F AB and 
Fab- The 5-graded decomposition of e 8 (_ 2 4) in su*(8) basis takes the form 



e 8 (- 24 ) = E © {e ab ,E C d}® {J A b , J ABCD ; A} © { 
The grading is defined by the generator A of 50(1, 1) 

[A, E] = -2E , [A, F] = +2F 

[A, E AB ] = -E AB , [A, F AB ] = +F AB 

^,EcD = —EcD , A,F(7D — +FcD 



W AB TP 
f , rcD 



F (JU 



(8) 



Positive and negative generators form two separate maximal Heisenberg subal- 
gebras with commutation relations 



tpAB £■ 
& , &CD 



and 



F 



MS 



CD 



= 25 AB E 



2S AB F 



[E, E AB ] = 
[F, F AB ] = 



E, E A b 



F, F A1 



= 



(9) 



(10) 
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However these two Heisenberg subalgebras do not commute with each other (see 
eqs. <|13|) below). Generators of g ±2 are invariant under e7(_25) 

[JV F ] = [J ABCD , F] = [JV E] = [j ABCD , E] = (11) 
while generators of g ±1 transform under su*(8) as follows 



[ J A B , E CD ] = S C B E AD + S D B E CA - ^S A B E CD 
[J A B , F CD ] = 5 C B F AD + S D B F CA - - A 8 A B F CD 



5 A cEbd — & A dEcb + -t5 A bEcd 



J A b , E CD 
J A b , Fcd 

The remaining commutation relations read as follows 



(12) 



S A cEbd — 5 A dFcb + -t5 A bFcd 



jABCD p 
J , FjeF 



= 5 [AB E CD ^ , [J ABCD , E EF ] = „± e ABCDEFGH E< 



tABCD 



Fef 



g[ABpCD] <yjABCD pEF^ _^ABCDEFGH jp^ 



1 

24' 
1 

24' 



GH 
GH 



[E AB ,F CD ] =-12 J 



ABCD 



Eab , Fcd 



-12 (eJ) 



ABCD ' 



E A B,F 

E AB , F, 



CD 



CD 



= A^ A [C J B ^ D] -S AB A 



(13) 



[E,F AB ] =-E AB , 
[F,E AB ] — +F AB , 



E, F AB 

F, Eab 



= -E A i 
= +F Al 



[E,F] 



Reality properties for generators belonging to grade ±1 and ±2 are as follows 



(F AB y = -n A cn BD F CD . 

(E AB ^ = -Q A cQbdE gd . 



(F AB y= 


-n Ac n 


(E AB y = 


-n Ac w 


Ft = 


-f, 



"CD ■ 



'CD ■ 



(14) 



E^ = -E , 

The quadratic Casimir operator of the above Lie algebra is given by 

^2 (es(-24)) = qJ A bJ B A - J ABCL '(eJ)ABCD 

+ ^A 2 -±(FE + EF) 



(15) 



1 

12 



E AB F AB + F AB E AB - F A bE ab E ab 



Fab) 
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In order to make manifest the fact that the above Lie algebra is of the real form 
*8(-24) with the maximal compact subalgebra er © su(2) let us write down the 
compact and noncompact generators explicitly. Under the maximal compact 
subalgebra usp(8) of su*(8) we have the following decompositions of the adjoint 
and fundamental representations of ts(-24) 

133 = 63 8 70 = (36 © 27) © (1 © 27 © 42) 
56 = 28 © 28 = (1 © 27) © (1 © 27) 

where 27 and 42 correspond to symplectic traceless antisymmetric 2-tensor and 
4-tensor of usp(8) respectively. 3 Note that the generators in the representations 
1 © 36 © 42 of usp(8) in the decomposition of the adjoint representation of 
e 7(-25) form the maximal compact subalgebra z§ © u(l) of t7(~2b)- 

Denoting the generators (T) transforming covariantly under the usp(8) sub- 
algebra of su*(8) with a check (T) we find that the generators in 36 © 27 are 
given by = Q,acJ C b ± ^bcJ C A, while generators coming from the de- 

composition of 70 with respect to usp(8) are given by 

JAB = JABCD^ + 1 AB J 

8 

JABCD ._ jABCD + ^[AB^jC^EF + ^ n [AB Q CD]j 

2 8 
J := £IefQghJ EFGH 

Thus we find that 

jAbcd [ e J) ABCD = J ABCD J ABCD - | J ab Jab + JqJ 2 (16) 

The decomposition of 56 of e 7 (_ 2 5) into usp(8) irreducible components leads to 
the following generators that transform in the 27 of usp(8): 

Cab = Eab + Fab ± (Fab - Eab^J 

Ecd + Fcd ± {Fcd — EcD^j 

Nab = Fab + E AB ± (e ab - F AB ) 

+ -Sl AB ^ u [F CD + E cd ± 

and to the following singlets of usp(8): 

C ± - n CD [E CD + F CD ± (f cd - E CD )] 

7V± = n CD [F CD + E CD ± (e cd - F CD )] 

3 The group SU*(8) is denned as a subgroup of SL(8, C) generated by elements U € SL(8, C) 
such that U^U = 1 and UCl = t/*f2. U* is obtained from U by component-wise complex 
conjugation. 



-VLabQ CD 



(17) 



G 



Then the following 133 operators 

<5<+J, J ABCD , J + 2(E + F), C± AB (18) 

generate the compact E7 subgroup and the operators and 2(E + F) — 3 J 
generate the compact SU(2) subgroup. The remaining 112 generators are non- 
compact: 

G$rJ, J AB , A, F-E, N± B , AT±. (19) 

2.2 The Minimal Unitary Realization of e 8 (_24) m su*(8) 
Basis 

It was noted earlier that elements of the subspace g~ 2 C e 8 (_ 2 4) form an 
Heisenberg algebra with 28 "coordinates" and 28 "momenta" with the generator 
of g~ 2 acting as its central charge. As it was done for e 8 (s) [HI we shall realize 
these Heisenberg algebra generators using canonically conjugate position (X AB ) 
and momentum (Pab) operators: 

[X AB ,P CD ]=i6 AB . (20) 

satisfying the following reality properties 

(x AB y = x AB = n Ac n BD x CD , (p AB )^ = p AB = n AC n BD p CD (21) 

The commutation relations (|20() can also be rewritten in more usp(8) covariant 
fashion 

[x AB , P CD ] = l - (n Ac n BD - n BC n AD ) . <E01) 

The generators ofg -1 ©^ 2 subalgebra are then realized as 

E AB = -iyX AB E AB = -iyP AB E = -*-y 2 (22) 

where y is an extra coordinate related to central charge. In order to be able 
to realize g +1 © g +2 generators we need to introduce a momentum operator p 
conjugate to y: 

[y,p\=i. (23) 

The grade zero g° generators, realized linearly on operators X AB and P AB , take 
on the form 



(24) 



J A B = -2iX AC P CB \5 A B X CD P CD 

jABCD _ _?_xl AB X CD ^ —e ABCDEFGH P EF P H 

2 48 

The dilatation generator A that defines the grading is simply 

A = -~(py + w). (25) 
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Since g _1 generators are linear and g° generators are quadratic polynomials in 
X and P we expect g +1 generators to be cubic. Furthermore, g +1 = [fl +2 ,g _1 ] 
suggests that F must be a quartic polynomial in X and P. Since it is an e 7 (_ 2 5) 
singlet, this quartic must be the quartic invariant of £7(_25)- Indeed we find 

F AB = i P X AB + ~ [X AB , h (X, P)] (26) 
F AB = i P P AB + - [P AB , h (X, P)} . 

y 

The quartic invariant I4 coincides with quadratic Casimir of e7(_25) modulo an 
additive constant: 

h(X,P)=C 2 ( M ^ 5) ) + 3 -§ = ^ + 

\ (X AB P BC X CD P DA + P AB X BC P CD X DA ) 

+ I (X AB P AB X CD P CD + P AB X AB P CD X CD ) (27) 
o 

, 1 ABCDMNKL p p p p 

+ 7^7 e PabPcdPmnPkl 
96 

, 1 V AB V CD V MN V KL 

+ -rztABCDMNKL-K- AAA 

96 

The quadratic Casimir of eg(_24) H15|) evaluated in the above realization 
reduces to a c-number as required by the irreducibility. In order to demonstrate 
that we decompose the quadratic Casimir (|15f) into three £7(_25) -invariant pieces 

C 2 (e 8 ) =C 2 (e 7 )+C 2 (s[(2,R))+C 

according to the first, second and the third lines of l|15f) respectively. From l|27|l 
we find that 

Using definitions of A, E, F we obtain 

C 2 («I(2,M)) = i/ 4 -i 

Using definitions for g -1 © g +1 generators we find 

3C' = 7 - 28/ 4 - iX AB I 4 P AB + iP AB hX AB 
= 7-28/ 4+ (327 4 -^)=4/ 4 -f 

and therefore 

C 2 (e 8 ) = -40 . (28) 
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Since Eg does not have any invariant tensors in 58 dimensions (corresponding 
to 29 position and 29 momentum operators) all higher Casimir operators of 
e 8(-24) m the above realization must also reduce to c-numbers as was argued 
for the case of e 8 ( 8 ) in UJ. By integrating the above Lie algebra one obtains the 
minimal unitary representation of the group i?8(-24) over the Hilbert space of 
square integrable complex functions in 29 variables. 



2.3 The Minimal Unitary Realization of Cg(-24) in su(6, 2) 
Basis 

Analysis above was done in su*(8) covariant basis (see footnote on the pageOJ). 
Since covariant operators X AB and Pab are position and momenta we refer to 
this basis as the Schrodinger picture. One can consider an oscillator basis where 
the natural operators are 28 creation and 28 annihilation operators constructed 
out of X and P's. Being complex, we expect them to transform as 28 28 of 
some non-compact version of su(8) within ey(_ 2 5) C 0°. This algebra turns out 
to be su(6, 2) and the creation and annihilation operators are given as follows 



Z" 1 ' - /> (X CD * I 'a. 



} (29) 

Zab = _ T ab cD ( X CD + iPcD j 

where transformation coefficient T ah cD are related to gamma-matrices of 

so(6,2) ~so*(8) ~su*(8) nsu(6,2) 

as spelled out in appendix A. Operators Z and Z satisfy 

1 



Z ab , Z' 

with the following reality conditions 



- (77 77 - 77 r? ) . (30) 



(Z ab y = Z ab = ^ ac rf d Z cd (31) 

where 77 = Diag (+, +, +, +, +, +, — , — ) is used to raise and lower indexes. Gen- 
erators of e7(_25) in this basis take the following form 



1 

4 

jabcd _ g[ab g c -d] _ abcde f qh 

with hcrmiticity conditions 



TCI O ryaC '/ X Ca rycd ry 



2~ ~ 48 ~ " c J ~ 9h 



(32) 



(J» 6 )t = rfSbcJ c d (J abcd y = -y^ ahcd ef 9 hJ ef9h (33) 
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Their commutation relations are 

[J a b , J c d] = S c bJ a d — S d a J c b 
[J a b , J cdef ] = -A5^ b J def ^ a - ^S a b J cdef 

^jabcd jefgh^ _ \ c abcdp\ef g jh] ^ 



(34) 



which have the same form as su* (8) covariant eqs. ©. Quadratic Casimir in 
this basis reads as 

323 _ 



C 2 (e r ) = \j\J\ + J abcd (eJ) abcd = h{z,Z 



('/ r/bc '/ r/da I ryab ry rycd ry 
Z a0 Z Z C ^Z + Z Zft c Z Z^ a 

Z' V '/ rycd I V^O / rycd ry 

— ^Z a0 Z ^cd^ + Z Z a0 Z Z C( j 

I ^ _ ryab rycd rye f ryqh i ^dbcdefqh ry ry ry ry 

r -^tabcdefgh^ & Z Z M + — £ ab Zj c d^ cf ^ gh 
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Negative grade generators of e§(_24) are then simply 
1 



£ = ^y 2 £ afc = yZ" 



a 6 



Generators in g +1 can be inferred commuting g +2 generator 

F = lp 2 + 2t/- 2 / 4 

with generators in g 

pab = ■ [ E ab ( F j = _ pZ a6 + 3 ^06 > 



E n h , -F 



-pZab + 2iy 



Zab 1 -?4 



or more explicitly 



:b ^.ryab —1 abcdefghry ry ry 



F ab = -pZ ab «- 1 e 

^ 12 y 



(35) 



(36) 



(37) 



(38) 



(39) 



+ 4iy- 1 Z c [ a Z cd Z fo ] d + i y- 1 (z ab Z cd Z cd + Z cd Z cd Z 

F a fc = - pZ ab + —y~ 1 £abcdefghZ Cd Z ef Z 9h 

- 4iy~ 1 Z c [ a Z cd Z b ]d - ^ V 1 {ZabZ cd Z c d + Z c dZ cd Z ab 

We see that commutation relations in this basis closely follow those in su*(8) 
basis, with modified reality conditions (cf. (j31)|) and i(2"2"|) as well as ijBl^j) with 
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if'261 ). The SU(6,2) covariant commutation relations follow closely those given 
in section f2~71 

[E , F ab ] = -iE ab 



[E,F]=-A 
[A, F] = 2F [A, E] 



-2E 



E,F a l 



-iEab 



A, F ab ~ 


_ pab 


'A, E ab ~ 


= -E ab 


F , E aV 


= iF ab 


A, F ab 


= F a b 


A, E ab 


= —E a b 


F , E a b 


= iFab 



(40) 



[E, E ab ] = 
[F, F ab ] = 



E, E a b 



F, F ab = 



771 TTICCi 

& ah , £V 



a 6 ■ 



(41) 



abed 



t3 Z^cd 



ib 



E ab , F cd 



= -AiS^ [c J b \+i6f d A 



1 



[J a b , E cd ] = 5 c b E ad + 5 d b E ca - -5 a b E cd 



jabed j£ 



zipped] 
°ef a 



E c d , J a b 

The quadratic Casimir of es(-24) m this basis reads as follows 

C 2 = \ J a bJ\ + J abcd (eJ) abcd + \{eF + FE+ 1 -^ 



(42) 



= 8\E bd + S a d E cb - U\E cd [J abcd , E*f] = -±^f9h Egh 



i 
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(43) 



F ab E ab + E ab F ab - E ab F ab ~ F ab E a b 



and reduces to the same c- number as 



3 Truncations of the minimal unitary realiza- 
tion of e 8 (_24) 

Since our realization of e§(-24) is non-linear, not every subalgebra of es(-24) can 
be obtained by a consistent truncation. We consider consistent truncations to 
subalgebras that are quasi-conformal. Since quasi- conf or mal algebras admit a 
5-grading 

= 0~ 2 ©0 _1 ©0 O ffi0 +1 ©0 +2 

with q ±2 being one-dimensional, they have an sl(2, R) subalgebra generated by 
elements of ±2 and the generator A that determines 5-grading. However, the 
quartic invariant Z4 will now be that of a subalgebra 0° of the linearly realized 
e 7(-25) within e 8 (_24)- Furthermore, this subalgebra must act on the grade ±1 
subspaces via a symplectic representation. 
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Hence, the problem is reduced to enumeration of subalgebras of linearly 
realized £7(_25) admitting a non-degenerate quartic invariant on the symplcc- 
tic representation. Before giving the explicit truncations below we shall first 
indicate a partial web of consistent truncations as quasiconformal subalgebras. 

Firstly, we can truncate e 8 (_ 2 4) down to either 67(55 or e 7 (_ 25 ), by keeping 
singlets of either su(2) or su(l,l) within su(6,2) C e7(_ 25 ) correspondingly. 
Further truncations of e 7 (_25) to rank 6 quasi-conformal algebras can lead to 
either so(10, 2) or e6(— 14); while truncations of 67(5) lead to either 14) or 

e 6(2) : 



e 7(-25) 



50(10,2) -> so(6,2) -> so(4,2) 

/ 



c 8( _24) e 6 (-i4) -» so(8, 2) -» su(4, 1) -» su(2, 1) (44) 



e 7 (5) 



e«(2) -> f 4 (4) -> so (4, 4) -» 02(2) -> sI(3,K) 



In this paper we shall restrict ourselves to truncations to subalgebras that 
have rank 3 or higher. The minimal unitary realizations of the rank two Lie 
groups G 2 (2) and SL(3,R) will be given elsewhere |14j . The minimal unitary 
realization of SU(2, 1) was given in 

3.1 Truncation to the minimal unitary realization of ^7( 5) 
as a quasiconformal subalgebra 

In order to truncate the above minimal unitary realization of es(-24) down to 
its subalgebra e7(_5) whose maximal compact subalgebra is 50* (12) ©su(2) we 
first observe that *7(-5) has the 5-grading 

Q- 2 © fl- 1 © fl° © +1 © 0+ 2 , , 

7( ~ 5) 1 © 32 © (50*(12)ffil) © 32 © 1 1 ' 

Furthermore, we note that e 7 (_ 25 ) has a subalgebra so* ( 12) ffisu(2). Hence tji-S) 
is centralized by an su(2) subalgebra, which can be identified with the one in 
su(6) ©su(2) ffiu(l) C su(6, 2) C e 7 (_ 2 5). Under the subalgebra su(6) the adjoint 
66 and the spinor representation 32 of so* (12) decompose as follows: 

32 = 15ffilffiT5ffil and 66 = 35 © 15 © 15 © 1 . 

This truncation is thus implemented by setting 

Z lh = and Z 7b = where b ^ 8 , 
Z 7b = and Z sb = where b^7, 

i.e. by restricting to the su(2) singlet sector. 
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For the sake of notational convenience, we would retain symbols Z and 
Z ab to denote creation and annihilation operators transforming as 15 and 15 
of su(6) C so*(12), where a and b now run from 1 to 6. Then, generators in 
_1 © Q~ 2 of e7(_5) are given as follows 



E = \y 2 E ab = yZ ab E+=yZ 78 E ab = yZ ab E_ = yZ 78 
The grade zero generators are A and 

ja o ryac / ^ ra ryC.d '/ 

J b — IZj Zj bc — -0 &Z Zj c d 



jab 

Jab 
H 



6 48 1 9 

— -^Z a bZ 7 8 + —e a befghZ e ' Z 9h 

6 48 



^78 v i V ry78 
Z Z78 + Z7.3Z 



1 

24 



Z ab Z,,h + Z n hZ 



a b 



(46) 



(47) 



which form the 50* (12) subalgebra. They satisfy the following commutation 
relations 



[J a b ! J C d] — S C b J a d — S d a J C b 

[j a b , J cd ] = -2S^ c b J d]a - -5 a b J cd 

3 



jab J 
u 7 ,J cd 

H , J a b 



= ~6 Jab 



(48) 



J a b , Jcd 



^ a [ c Jd]b + ^bJcd \}J ; J ab j = _ J ab 



In order to construct positive grade generator we need quadratic Casimir of 
so* (12): 



C 2 (so* (12)) = ^J\J b a + 4H 2 + 24 (.J ab J ab + J ab J al 

^ / rv rybc '/ ryda i ryab ry ryCxl rf 

— - \^ab^ ^cdA -T & Abc^ Ada 
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- / /v78 17 7 78 f? I 7 7 78 ^ /778 

— ( Z Z7gZ Z78 + Z7gZ Z7gZ 



/7 /7a6 /7 <7C(i i ryab ry rycd ry 

/j ab^ J t->cd /j T ^ ^ab^ ^cd 

ryab '/ ry78 ry i v78 v *7a6 '/ 
Z Z a f,Z Z78 + Z Z7gZ Z a , 



V ryab ry ry , ry ry rya< 

^ab^ Z7gZ + Z7§Z Z a fcZ 



(49) 



I ^ ryab rycd rye f ry7S . 1 abede f ry ry ry ry 

+ J^tabcdef^ Z Z Z + — £ Z ab Z cd Z e /Z7 8 

where the quartic invariant is built out of the spinor representation 32 of so*(12). 
Then generators of g +1 are defined via l|38|) . Commutation relations of g° with 
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g 1 read 

[ J a b , E cd ] = -28^ c b E^ a - -S a b E c 

3 



r jab T7icd~\ abode f rp 

Y J > E \ = -^7 e E ef 



Jab i E c d 



2^ t abcdef- Cj 



Jab , E' 
jab 77i 



J a b , E c d 
d 

I 

1 



28 a [ c E d ] a + -S a b E c d 



ab 77i78 



\H,E ab ] = —E 
L ' J 12 

[ J ab , E 78 ] = 



ab 



H , E ab 

Jab , E 78 



- ~E ab 
—E ab 



Jab j E' 



7s 







J ab , E- 



7S 



1 

12" 



-E 



ab 



[H,E 78 \ 
H , Eis 



--E 78 
4 

: + l Er8 



Commutators of so* (12) generators and the generators belonging to q +1 sub- 
space are obtained by substituting E ab with F ab and E ab with F ab in equations 
above. Spaces g ±2 are so* (12) singlets each. Elements of g ±2 together with A 
generate ansl(2, R) C f7(-5) subalgebra 

[E,F] = -A [A,E] = -2E [A,F]=+2F. (50) 

Generators in g -1 and g +1 close into g° as follows 

-6«e abcde/ J e/ 

-z^(4ff-A)-^ [c J 6 ] d] (51) 



rpab Tpi 
& 7 *cd 

[E ab ,F 78 ' 



-12U 



ab 



rpab 771 
& j -^78 



771 JTlCCi 

-Eah , -Fed 
-Eah , E 7 $ 



-tS c a d b (AH + A)-^ c [a J d \ ] 

+ 6i£abcdefJ ef 

+ 12^J afc \E ab ,F 78 ]=0 



(52) 



[E 78 , F afc 



E 78 , F 7 $ 



E 78 ,F, 



= -\2iJ ab 
= [E 78 ,F 78 ]=0 



i[-A + 6H 



E78 , F 



E78 , F 78 



= 



^78 j ^78 



= 









-^78 1 F ab 



+ l2iJ ab 



(53) 
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The resulting realization of K7(-5) is that of the minimal unitary representa- 
tion and the quadratic Casimir of *7(-5) reduces to a c-number as required by 
irreducibility of the minimal unitary representation 

C 2 (e 7( _ B )) = C 2 (so*(12)) + 1a 2 + \(FE + EF) 

- ^ (E ab F ab + F ab E ab - F ab E ab - E ab F ab ) 

\ 7g . 7g ' (54) 

— — yE^F + F E78 — FtsE — E FysJ 




3.2 Truncation to the minimal unitary realization of t^) 
as a quasiconformal subalgebra 

Quasi-conformal algebra e 6 (2) with the maximal compact subalgebra su(6) © 
su(z) has the following 5-graded decomposition 

78 = 1 © 20 © (su(3, 3) © A) © 20 © 1 

and since su(3,3) C so* (12) it can be obtained by the further truncation of 
e 7 (_ 5 ). The maximal compact subalgebra su(3) © su(3) © u(l) of su(3,3) is 
also a subalgebra of su(6) c so* (12). This suggests that we split su(6) indices 
a = 1,...,6 into two subsets, a = (1,2,3) and a — (4,5,6), and keep only 
oscillators which have both types of indices in addition to singlets Z 78 and Z 7S , 
i.e. set 

Z' at = {) Z a£ = Z' at = Z ac = (55) 
Indeed corresponding su(3) © su(3) C su (3, 3) branching reads 

20 = (1, 1) © (3, 3) © (3, 3) © (1, 1) 

This reduction is quite straightforward, and we shall not give here complete 
commutation relations. All of the formulae of e 7 (_5) carry over to this case 
provided we set to zero appropriate operators. The quadratic Casimir of su(3, 3) 
that is needed to construct generators of g +1 © g+ 2 reads as follows 

C 2 (SU (3, 3)) - \-J\ra + \f a cJ & a + 4tf 2 + 24 ( J^Jac + J F M J M ) 

I O/l ( T&C J I J Tac\ T ^ ^~ f 7 ryab ry rycd , ryab ry rycd ry \ 

+ 24 y.J Jac + JarJ J = J4 - JTj = ~g y^abZ Z cd Z + Z Z a bZ Z cd j 

I 1 ( ry ry b C ry rydd , ryab ry rycd ry \ . ^ ( ry7S ry ry7S ry . ry ry7S ry ry7s\ 

+ ^ \ZjabZ Z rd Z + Z Z bc Z Z da J + 2 V 7S 78 78 78 ) 

^ / ryab ry ry7S ry . ry7S ry ryab ry \ ^ / ry ryab ry ry7S i ry ry78 ry ryab\ 

~ 4 V Z 78 + Z ^78^ Z ab J - J \Z ab Z ^78^ + ^78^ Z ab Z J 

I ryab rycd rye f ry7S i abcdef ry ry ry ry , U 

+ ~^abcdejZ Z Z J Z + — 6 Z ab Z cd Z e f Z 7S + - 

(56) 
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where Z ah and Z a b are as described above, and hence I4 is the quadratic in- 
variant of su(3, 3) in the representation 20. The resulting realization of t^(z) is 
again that of the minimal unitary representation. Because some of the oscil- 
lators were set equal to zero in the truncation, they do not contribute to the 
value of the quadratic Casimir of the algebra, the c-number to which it reduces 
is now different 



C 2 (e 6(2) ) = (/ 4 -§) + Q/ 4 -^ 



3.3 Truncation to the minimal unitary realization of e 6 ( i4 ) 
as a quasiconformal subalgebra 

Quasiconformal realization of another real form of , namely e 6 (_ 14 ) with the 
maximal compact subalgebra so (10) ©50(2) , can also be obtained by truncation 
of ^7(_5) . Its five-graded decomposition reads as follows 

e 6 (_i4) = 1 © 20 (su(5, 1) 8 A) © 20 © 1 

In order to implement this truncation we observe the following chain of inclu- 
sions 

su(5,l) c 50(10, 2) c e 7( _ 25 ) 

Subalgebra so(10, 2) is centralized by su(l, 1) while su(5, 1) is centralized by 
su(2, 1) within tri-25), suggesting that we only keep oscillators Z ab and Z a b 
with indexes now running from 1 to 5 as follows from u(5) C su(5, 1) branching 
of 20 = 10 © 10. Then generators of su(5, 1) are given as follows 



ja O 7<1C ry %a ryed ry jj I ryab ry , r? ryab \ 

J b — i/j Z bc - -0 feZ Zj cd n — — ^ Zj a b + Z afc Z J 



1 

48 ' 



ja ^ abede ry ry 

•J — ^bc^de 



1 

48' 



a — ~r—^abcde^ ^ 



(58) 



with commutation relations 



[J a b , J C d] — S C bJ a d — 5 d a J C 



[J\ , J c ] = S c b J a - U\J C 
5 



b j <J c 



-S a c J b + -6 a b J c 
5 

— J a b - —5 a b H 
144 20 



H, J a 

Ja 1 Jb 



6 







[H,J a } = 

[J a , J b ] = 
resulting in the following Casimir 

C 2 (su(5, 1)) = l -J a bJ h a + y H 2 + 24 (j a J a + J a J a ) =h~^ 

( >y rybc fy ryda 1 ryllb r / ryed '/ 

— ^ y^ab^ Acd/j + Z Zfc c Z Zjda 



(59) 



(60) 



\ (z ab Z ab 



ZjcdZj + Z Z a fcZ Z, 



Cd r 
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Remaining generators of E6(-i4) an d their commutators straightforwardly follow 
from those of e7(_ 5 ) . We shall only present the c-number to which the quadratic 
Casimir of e 6 (_ 14 ) reduces upon evaluation on the resulting minimal unitary 
realization 



C2 (e 6 (- 



14) J 



35 
16 



Ja 



1 

Tg 



15 

T 



-6 



(61) 



3.4 Truncation to the minimal unitary realization of f 4 ( 4 ) 
as a quasiconformal subalgebra 

The realization of the Lie algebra e 6 ( 2 ) given above can be further truncated to 
obtain the minimal unitary realization of the Lie algebra f 4 ( 4 ) with the maximal 
compact subalgebra usp(6) © usp(2). The five graded structure of f 4 ( 4 ) as a 
quasiconformal algebra reads as follows 



52 = f 4(4) = 1 © 14 © (sp (6 ,R) © A) © 14 © 1 



(62) 



One way to obtain the truncation of e 6 ( 2 ) to f 4 ( 4 ) is suggested by u(3) C sp (6, R) 
branching of 14 = 1 © 6 © 6 © 1. It amounts to identifying the two su(3) sub- 
algebra of 0u(3, 3) C e 6 (2) and discarding the antisymmetric components 
of Z ab . 

Let us define the symmetric tensor oscillators S ac = Z^ ac ^ and S ac = Z( ac ): 
a,b, ... = 1,2, 3, which correspond to independent oscillators left after the iden- 
tification. They satisfy the following commutation relations 



S c d , S 



ab 



X - (S a c S b d + 5\5 a d ) 



(63) 



With these oscillators we build generators of sp (6 , ] 



ja o Qac o za ncd c 

J b — £0 dbc — -ZO 6D D c d 
o 



H = -\ (Z 78 Z 7S + W 78 ) + (s ab S ab + S ab S ab ) 



jab = ±_ S ab z 78 + ^acd^ef 

1 - - 1 ce 

Jab = —-SabZrs — T^ 6 acd^befS Ce S 



(64) 
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satisfying the following commutation relations 



[ J\ , J cd 

ja J 



= 5 {c b J d ^ a - -S a b J cd 
= -b a (cJd)b + -^5 a b J cd 



J ab , J 



cd 



[J a b , J c d] = 5 c b J a d - 5 d a J c b 
[H , J ab ] 

H , J ab 



1 rah 

V 



r . Jab 
6 



(65) 
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The quadratic Casimir of Sp(6, R) is then given by 

C 2 (sp(6, E)) = i J a fc j\ + 4 ff 2 + 24 (j ab J afc + J ab J ab ) = J 4 



15 
16 



f q Qbc q Q(ta i oab o ocd q l 

— I *3ab>J *3 c d>J T O Ofr c O dda } 

+ — (^Z 7S Z?gZ 7S Z>?8 + ZfgZ 78 ZrsZ 7S ^j + 

- ^ (s afc S ab S cd S cd + S ab S a6 S cd S cd ) + ^ 



(66) 



* / oafr c V78 '/ 1 ^78 '/ r*a6 r» 
- O Oab^ ^78 + ^ ^78<J ^ab 



- i (S afc S Qb Z 78 Z 78 + z 78 z 78 s ab s ab ) 

2 2 

, r rtad rtbe ncf v78 abcdefrt a C* V 

— ^abc^defO O b J Z - -6 £ 5 a< jOfce<3c/^78 



Negative grade generators are defined as 



1 



E=-y E ab = yS ab E+ = yZ 7s E ab = yS ab E_ = yZ r8 



(67) 



They satisfy commutation relations, different from those of negative grade gen- 
erators of e 7 (-5) 



E a b , E 



cd 



= 5 {c {b 5 b \)E 



(68) 



reflecting that S ab and 5 a 6 are now symmetric tensor oscillators. Positive grade 
generators, and their commutator, are given by the following equations 



F=-p 2 + 2iy- 2 I 4 



pab = _ pS ab + 2iy- 1 [S ab ,h 

F ab = -pSab + Ziy^ 1 Sab , h 



Fab,F cd 



= S^ {b S b ^ d) F 



(69) 



Quadratic Casimir of the resulting minimal unitary realization of 
C 2 (f 4 ( 4 )) = C 2 (sp(6, E)) + 1a 2 + 1 (FE + EF) 



(E ab F ab + F ab E ab - F ab E ab - E ab F ab ) 

1 ( T? F 78 _i_ F 78 t? p 771 78 j-,78 p \ 

— — [^78^ + r — i*78-C/ — £j tyg, j 



(70) 



reduces to a c-number 



C 2 (f. 



4(4) J 



15 

16 



3 16 



4 T 9 
— J4 

3 4 



13 

T 



(71) 



in agreement with parent algebras and as required by irreducibility. 
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3.5 Truncation to the minimal unitary realization 
of so (4, 4) as a quasiconformal subalgebra 

We further truncate f 4 ( 4 ) to obtain the minimal unitary realization of so (4, 4) 
which has the following 5-graded decomposition 

28 = 1 © (2, 2, 2) © (sp (2, M) © sp (2, M) © sp (2, M) © A) © (2, 2, 2) © 1 (72) 

This truncation is achieved by restricting S ah and S a b operators to their diagonal 
components 



S a b — 5abS a 



Si, S 



- 2 a 



(73) 



where a, b, .. = 1,2,3, and discarding the off-diagonal oscillators. Three copies 
of sp (2, R) are generated by 



J- — —-^SaZ78 — —£ a bcS h S C 
12 

ja = l_ s a z 78 + L^cg^ 



J a = Z 7S Z 78 + ( 25ab - 1) sb Sb (74) 



6=1 



The quadratic Casimir of sp (2, R) © sp (2, R) © sp (2, R) then reads 



C 2 (sp (2, 



>sp(2, R)ffisp (2, 



E 

a=l 



; j a j a + 24 (r.ji + j^r) 



£ ((s a S a ) 2 + (s a S a ) 2 ) + (Z 78 Z 78 ) 2 + (w 78 )' 



a=l 



+ Zt&Z 8 



- 4S 1 S z S A Z'» - 4 Si S 2 S 3 Z 78 = J 4 - — 

16 

The commutation relations of the generators in g° are 



[J a , 4] = ±5 ab Jl [J«, J* 



72 



■ <5 af> j; 



Negative grade generators are 

' ' E a = yS a E a =yS a 
and positive grade generators are 



E = -y 2 



E 



78 



yz 



78 



F = -p 2 + 2iy" 2 / 4 



^78 
^78 



-pS a + 2iy~ 1 [S a , / 4 ] 
-pZ 78 + 2iy~ 1 [Z 78 , J 4 ] 

-pS a + 2m/" 1 S a , 7 4 

-pZ 78 + 2iy- 1 [z 78 , J 4 



(75) 
(76) 



E78 = yZ 7 & (77) 



(78) 
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The quadratic Casimir of so (4, 4) 

C 2 (so (4, 4)) - C 2 ( °) + ^A 2 + ^(FE + EF) 

+ % - (E a F a + F a E a - E a F a - F a E a ) (79) 
+ - yE F 7S + -FYs-E- — F E-jz — E 7S F J 
reduces to c-number as before 



C 2 (so(4,4)) = 




4 Truncation to the minimal unitary realization 
of e7(„25) as a quasiconformal subalgebra 

The group E 7 (_ 2 5) has the maximal compact subgroup Eq x U(l) and arises as 
the [/-duality group of exceptional J\f = 2 Maxwell-Einstein supergravity in d = 
4 whose scalar manifold is E 7 (_ 25 )/ (Eq x U(l)). Its action on the 27 complex 
scalar fields can be represented as a generalized conformal group ED El ■ As 
a generalized conformal group its Lie algebra has a natural 3-graded structure 

«7(-as) = 27 © (e 6( _ 26) © so(l, 1)) © 27 

The quasiconformal realization of i?s(-24) can be truncated to the conformal 
realization of £?7(_ 2 5) in essentially two different ways. 

In this section we will however consider a different truncation of -Es(-24) such 
that the resulting realization of E 7 (_ 2 5) is quasiconformal corresponding to its 
minimal unitary representation. 

Just as the subalgebra tr(-5) is normalized by su(2) C su(6,2) C g° = 
e 7(-25), the subalgebra t 7 (^2b) is normalized by su(l, 1) C su(6,2) C 0°e7(_ 25 ) 
within e8(_ 2 4). Similarly to ^(-5) we obtain 

*7(-25) = 133 = 1 © 32 © (so(10, 2) © A) © 32 © 1 (81) 

We identify the su(l, 1) in question with the one generated by J 6 r, J 7 e and 
J 6 6 — J 7 7 generators of su(6, 2) C e 7 (_ 25 ) C es(-24)- The truncation will then 
amount to setting Z a6 = Z 6a = where a ^ 7, as well as Z a7 = Z 7a = for 
a ^ 6. Let us relable coefHcients and introduce d = 1, . . . , 5, 8. Then su(5, 1) is 
generated by 

J\ = 2Z^Z bt - l -5\Z d "Z di (82) 
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The other generators of so(10, 2) are then given as follows 
3 



U — — [z^' ' Zq-j + Zq-jZ 



- (z hh Z.j +Z.:Z dh ) 
\ ao ao J 



J7: = —Z^Z 



1 



ab 



Q^ab^^ ^abcdef 



Z id z ef 



(83) 



jab —Z^Z^ — - fAbcdef y 

+ ~~ 6 48 £<i ^ 

satisfying the following hcrmiticity condition 



(A) =v & V d 



= u 



</+ VacVbd, 



(84) 



where 77^ = diag (+1, +1, +1, +1, +1, —1); and the commutation relations read 
as follows 

[ ja. jc .] rc. to . _ rd . tc. 



J b> J cd 



cc rad 1 rd yea c-a red 

5 h J + +6 b J + - -5 b J + 



-s a ,j; 



bd 



A a . 7— 1 X a . J- 

d J ci> + 3° b J dd 



(85) 



U, J 



cd 



= -J 



id 



U, Jf = + J% 



cd 



[U,J* d ]=0 



The quadratic Casimir of the algebra reads 



C 2 (so(10,2)) = ijV^ +i(7 2 + 12 



(jfj7: + J7;jf 
\ T ab ab T 



99 
16 



(86) 



Definition of the grade ±1 generators goes along the same lines as for ^(-5) so 
we omit them here. Let us only note that the quadratic Casimir of the minimal 
unitary realization of e 7 (_ 2 5) takes on the same value as that of e7(_ 5 ) and equals 
to -14. 



4.1 Truncations to minimal realizations of SO(2p,2) (p = 
2,3,4,5) as quasiconformal subgroups 

The minimal unitary realization of E 7 (_ 2 5) can be further truncated to obtain 
the minimal unitary realizations of subgroups of the from SO(2p,2). To this 
end consider the 5-grading of Ey(_ 2 5) 

133 = 1 © 32 © (50(10, 2) © A) © 32 © 1 

The Lie algebra so(10, 2) has a subalgebra 

so(2, 2) © so(8) = su(l, 1) L © su(l, l) R © so(8) (87) 

under which its spinor representation 32 decomposes as 4 

32 = (2, l,8 e ) 0(1,2,8.) (88) 

4 In the decomposition of the other spinor representation 32' the 8 C and 8 3 are interchanged. 
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By restricting ourselves to SU(1,1)t? singlets we obtain the minimal unitary 
realization of SO(10, 2) subgroup of E 7 (_ 2 5) 

50(10, 2) = 1 © (2, 1, 8 C ) © (su (1, 1) L © so(8) © A) © (2, 1, 8 C ) © 1 (89) 

By restricting to the SU(1,1)l singlets one obtains a SO(8) triality rotated 
realization of SO (10, 2) 

so(10,2) = lffi(l,2,8 s )ffi(su(l,l) H ffiso(8)ffiA)ffi(l,2,8 s )©l (90) 

We recall the decomposition of the three 8 dimensional irreps of SO (8) with 
respect to its SU(4) x U(l) subgroup ^3] 

8 v =4^+4 ( -^ (91) 
8 s = l( 2 )+6W + l(- 2 ) (92) 
8 C = 4<- 1 ) + 4« (93) 

Thus by splitting the indices a,b, .. as 

a=(/j,,x) /i = l,2,3,4 x = 5,8 

and identifying the generators of the U(4) subgroup of SO (8) with Jjf and the 
SU(1,1)l generators with (J x y — \8 x y J z z s ) we find the following decomposi- 
tions of the oscillators with respect to the SU(1, X)l X SU(1, 1)r x SO(8) 

(z^zrA =(2,i,8 c ) 
(~ „ - x - J\ m 

[Z^v, Z^ u , Zjbj,, Z 2:y , Z 67 , Z J = (1,2, 8 S ) 

By setting either set of these 16 operators equal to zero we get a consistent 
truncation of the minimal unitary realization of Ey(_ 2 5) to one of its SO(10, 2) 
quasiconformal subgroups. Here we give the realization obtained by setting the 
operators in the (1, 2, 8 S ) representation equal to zero. 

The So(8) generators in the grade zero subspace of so(10, 2) are given by 

so(8) = {J- V ,J» V ,J$ V ) 

where 

1 _ J uv = ~^^ivp\Z P Z V t xy 

^ v = 2Z^Z vx --^ v (Z" z Z pz ) \ (95) 

J + = —^ vpX z px z Xy ^ 

The quadratic Casimir of the grade zero subalgebra so(8) ® su(l, 1) takes the 
form 

C 2 (so(8)©su(l,l)) = \(J^J\ + J x y J y x + U 2 ) + l2{J^J^ + J- V J% V ) (96) 
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where 

J x y = 2Z^Z fiy -S x (Z^Z flz ) (97) 

and 



U 2 



-(Z^Z^+Z^Z^) (98) 
The grade -1 generators of SO(10, 2) are simply given by 

E» x =yZ» x E ilx = yZ ilx (99) 
and those of grade +1 are given by 

F» x = -pZ» x + — [Z» x , h] F^ = -pZ^ + — \Z„ X , J 4 1 (100) 

y v 1 1 

where grade +2 generator F is given by 

12 73 
F = -p 2 + -/ 4 h = C 2 (so(8)®su(l,l)) + — (101) 

The algebra's quadratic Casimir equals 

C 2 (so (10, 2)) = -4 (102) 

To obtain the truncations of the above realization of so(10, 2) to the minimal 
unitary realizations of so(2p + 2, 2) we need only restrict the indices fi, v, ... of 
non- vanishing oscillators to run over fi, v, .. = 1, ..,p, where p — 1, 2, 3. 

5 Discussion 

We note that the quadratic Casimir of quasi-conformal algebras evaluated on 
the minimal realization is related to the algebra's dual Coxeter number g w 

C 2 = - I ^.g v (5 3 v -6) (103) 

for cases where g° is simple. This is a reflection of the fact that quasi-conformal 
algebras can be constructed in a unified manner. In a forthcoming paper we 
will give such a unified approach to the construction of the minimal unitary 
representations of all simple noncompact groups |14| . 

Here we would like to stress that the minimal unitary realizations given 
above, in |H] as well as in the unified approach |14j correspond to quantization 
of the geometric action of the respective noncompact group as a quasiconformal 
group as defined and studied for the exceptional groups in [H] . A quasiconformal 
group G leaves invariant a generalized light-cone with respect to a distance 
function defined in terms of the quartic invariant of its subgroup H which is 
the normalizer of the SL(2,K) subgroup generated by grade ±2 elements of its 
Lie algebra g 5 . The realization of this SL(2,R) subgroup inside the minimal 

5 For some of the classical noncompact groups the corresponding quartic invariant may be 
degenerate 1141 . 
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unitary realization is precisely of the form that arises in conformal quantum 
mechanics ^2] as was stressed in The quartic invariant of the subgroup 
H plays the role of coupling constant in the corresponding conformal quantum 
mechanics. 



Appendix 

A Going from su*(8) to su(6, 2) basis 

Recall that position and momentum operators X AB and Pab transform as 28 
and 28 under su*(8). To build annihilation and creation operators we need to 
take complex linear combinations of the form X AB ± iPab : which transform 
covariantly under 50* (8) subalgebra of su*(8). We expect resulting creation and 
annihilation operators to transform as 28 and 28 of some non-compact form 
of su(8) 6 . The isomorphism so* (8) ~ so(6, 2) suggests that this non-compact 
form should be su(6, 2) as we shall establish. 

In order to elucidate the role of triality of so (8) we recall that adjoint rep- 
resentation of compact decomposes into four representations of so (8): 

133 = 28 © 35„ © 35 s © 35 c 



where three 35 correspond to symmetric traceless tensor in 8„ © 8„, 8 S © 8 S and 
8 C © 8 C respectively, with 8„ , 8 S and 8 C being three inequivalent eight dimen- 
sional representations of so(8). Triality of so(8) then maps 35 representations 
into one another. Observe also, that 28 combined with any one of three 35 gen- 
erate an su(8) subalgebra of tj. Compact so (8) becomes so* (8) if we consider 
e 7(-25) instead of compact tj and su(8) becomes su*(8). 
Consider the Clifford algebra of M 6 ' 2 

{r Q ,r 6 } = 2rj ab (104) 

and choose a basis with the following hermiticity property 

(r°) t = » 7o6 r 6 = w.r o .w- 1 (105) 

where u> = T 7 ■ T 8 is a 16 x 16 symplectic matrix. One particular choice of basis, 
in which chirality matrix T 9 is diagonal, is given as follows 



r 1 = <7i © I 2 © h © 12 r 2 = cr 2 © Cl © la © cr 2 

T 3 = a 2 © a 2 © C2 © <Ji r 4 = cr 2 © cr 2 © 03 © I2 

T 5 = <t 2 © 03 © h © 02 r 6 = cr 2 © cr 2 © a x © I 2 

T 7 = icr 2 © I 2 © cr 2 © cr 3 r 8 = i<r 2 © I 2 © 02 © 01 

e Notice that compact 0u(8) is not a subalgebra of E7(_25)- 



(106) 
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Then, 

Z ah = \ T ab cD (X CD - iPcd) 

\ (107) 
Z<*= -T ab CD (X CD + iP CD ) 

where transformation coefficient are given by matrix elements of chiral repre- 
sentation of so (6, 2) generators 

r ab C D =p(J [r a ,r b ]) (ios) 

V 4 J CD 

and P is the chiral projection operator in spinor space. Symplectic structure 
(|2U|) of X and P induces the symplectic structure 



= - Tr [r ah r crf ] = - (r) ca r) db - if b r, da ) . (109) 
8 2 



on Z and Z. Gamma matrices defined above satisfy the following identities 



j^ab ynafc TH&a 

1 AB — t BA — — 1 AB 



TMibcd 1 ^abcd j^efqh j^abcd 

AB ~ 24 e /S ft AS = 1 BA 



j^abcd . T^fafc T^crfl 

t ABCD ■ — 1 [AS 1 CD] 

Y^abcd 1 ^abcd T^efqh , j^abcd 

i ABCD — ~77T £ e/o/i 1 ABCD — ~ 777 e ABCDEFGH^ EFGH 
24 24 

pac T^cfo j^bc pen ^ nac r^cb 

1 [AB 1 C-D] — 1 [AS 1 CD] — ^fABCDEFGif 1 [EF l GH] 

where 



AB 

These identities allow us to rewrite generators of e7(_25) in su(6, 2) basis: 

~bc ja ac jb j^ab ( jA jB \ 

r\ J c - T) J c = r ab[J b - J a) 

rrJ> c J a i r^ ac rb j^ab ( jABCD , t r j\ \ 

T] J c + V J c = l ABCD [J +\ €j )ABCD) 

jabcd i ^abcd jefqh j^abcd ( jA , jB \ (110) 

jabcd ^abcd jefqh j^abcd ( jABCD { r j\ \ 

~ 24 e f9 h J =i ABCD [J -( eJ )ABCD) 

or, more succintly, 

be ja j^ab j A , j^ab jABCD 
V J c — t AB'J B+t ABCD J 

jabcd j^abcd jA , y^afccd jABCD ^ ' 

J — 1 AB^B+t ABCD 'J 
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B Minimal realization of e 8 ( 8 ) in su*(8) basis 

Non-compact exceptional Lie algebra ts(8) also admits realization in an su*(8) 
basis. It is seen via the following chain of subalgebra inclusions su*(8) C e 7 ( 7 ) C 
e 8 (8)- 

Algebra e 7 ( 7 ) is generated as 

j A B = -kx ac p cb - U a b x cd p cd 

4 ■ (H2) 
jAbcd _ _!_xl AB x CD ^ + —e ABCDEFGH P EF P H 
2 48 

where A,B,... are su* (8) indices. Note different relative signs between XX and 
PP terms in (|112|) and l|24|) . It amounts to change of sign in the commutator 
on the third line 

[J A b, J C d] = 5 C b-J A d — S A ]jJ C b 
[J A b, J CDEF ] = ~^ C B J DEF]A \s A B J CDEF (us) 

^jABCD jEFGH^ _ _|_ J_ ^AB CDK [EFG jH] ^ 

as compared to that in © while does not change the hermiticity properties 
resulting in the following quadratic Casimir 

n 1 T A t B , 1 , rABCD tEFGH 

L<2 = 7T -J B'J A + -Z-r^ABCDEFGHJ J 

J 24 (114) 

1 j A jB , t ABC D r T \ 
- - J B'J A + -J (eJ)ABCD- 
6 

The decomposition of ej(j) with respect to the maximal compact subalgebra 
lisp (8) of su*(8) results now in 

133 = 63 © 70 = (36 c . © 27 n . c .) © (42 n . c . © 27 c . © l nx .) 

and shows the the constructed z-j is indeed £7(7). The remaining generators of 
algebra tgcs) are then given by 



and 



E AB = ~tyX AB E AB = -iyP A B E = - l -y 2 



F=^-P 2 + (X , P) F AB = i P X AB + - [X AB , h (X, P)] 

2i iy A y 

h (X , P) = C 2 + — F AB = ipP AB + - [Pab , h (X, P)] . 
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They satisfy the same commutation relations as their counterparts of es(_24) 
except for 



r rABCD jpEFl , 1 ABCDEFGH p 

[J J - h GH 



yABCD ^ ^iSFj = + }_^ABCDEFGH ^ (H 5 ) 



-Eab , Fcd 



-12 (eJ) 



ABCD 
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